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[Munos et al. 2016]

▶ Proposes a new off-policy multi-step RL method:
Retrace(λ)

▶ Good theoretical properties: low-variance, safe and
efficient

▶ It outperforms one-step Q-learning and existing
multi-step variants

▶ Proves the convergence of Watkins’s Q(λ) for the first
time



Multi-step methods

▶ Multi-step methods have some advantages over
single-step methods

▶ They can balance bias and variance
▶ They can propagate values more quickly

▶ Example: SARSA(λ)
▶ n-step return

R(n)
s =

s+n∑
t=s

γt−srt + γn+1Q(xs+n+1, as+n+1)

▶ λ-return based update rule

∆Q(xs , as) =
∑
t≥s

(λγ)t−sδt

δt = rt + γQ(xt+1, at+1)− Q(xt , at)



Multi-step methods in off-policy settings

▶ Can we apply multi-step methods to off-policy cases?
▶ Policy evaluation: estimate Qπ from samples collected

by µ (π ̸= µ)
▶ Control: estimate Q∗ from samples collected by µ

▶ In “Algorithms for Reinforcement Learning”, p. 57



Watkins’s Q(λ) [Watkins 1989]

▶ Classic multi-step algorithm for off-policy control

▶ Cut off traces whenever a non-greedy action is taken

R(n)
s =

s+n∑
t=s

γt−srt + γn+1 max
a

Q(xs+n+1, a)

(for any n < τ = argmin
u≥1

I{πs+u ̸= µs+u})

▶ Converges to Q∗ under a mild assumption (proved in this
paper)

▶ Only little faster than one-step Q-learning if non-greedy
actions are frequent (i.e. not “efficient”)



Backup diagram of Q(λ)



General operator R

▶ To compare off-policy multistep methods, consider the
general operator R:

▶ Different non-negative coefficients cs (traces) result in
different methods

▶ (Is this equation correct?)



Desired properties

▶ Low variance
▶ Variance of the online estimate is small
▶ ≈ V(c1 · · · ct) is small
▶ ≈ V(c) is small

▶ Safe
▶ Convergence to Qπ (policy evaluation) or Q∗ (control) is

guaranteed

▶ Efficient
▶ Traces are not unnecessarily cut if π and µ are close



Comparison of properties

▶ Retrace(λ) is low-variance, safe and efficient

▶ Note that Watkins’s Q(λ) ̸= Qπ(λ)



Importance Sampling (IS) [Precup et al. 2000]

cs =
π(as |xs)
µ(as |xs)

▶ RQ = Qπ for any Q in this case
▶ If Q = 0, it just becomes the basic IS estimate∑

t≥0 γ
t(
∏t

s=1 cs)rt

▶ High variance, mainly due to the variance of the product

π(a1|x1)
µ(a1|x1)

· · · π(at |xt)
µ(at |xt)



Off-policy Qπ(λ) and Q∗(λ) [Harutyunyan et al.

2016]

cs = λ

▶ A very recently proposed alternative
▶ Qπ(λ) for policy evaluation, Q∗ for control

▶ To guarantee convergence, π and µ must be sufficiently
close:

▶ In policy evaluation, λ < 1−γ
γϵ , where

ϵ := maxx∥π(·|x)− µ(·|x)∥1
▶ In control, λ < 1−γ

2γ

▶ Available even if µ is unknown and/or non-Markovian



Tree Backup (TB) [Precup et al. 2000]

cs = λπ(as |xs)

▶ The operator defines a contraction, thus is safe

▶ Not efficient because it cuts traces even if π = µ

▶ Available even if µ is unknown and/or non-Markovian



Useful table [Harutyunyan et al. 2016]



Retrace(λ)

cs = λmin(1,
π(as |xs)
µ(as |xs)

)

▶ Proposed by this paper

▶ IS ratio truncated at 1

▶ If π is close to µ, cs is close to 1, avoid unnecessarily
cutting traces



Experiments on Atari 2600

▶ Trained asynchrounously with 16 threads

▶ Each thread has private replay memory holding 62,500
transitions

▶ Q-learning uses a minibatch of 64 transitions

▶ Retrace, TB and Q* use four 16-step sequences



Performance comparison

▶ 0 and 1 of inter-algorithm scores respectively correspond
to the worst and best scores for a particular game

▶ Retrace(λ) performs best on 30 out of 60 games



Sensitivity to λ

▶ Note that the Q-learning scores are fixed across different λ

▶ Q* performs best for small values of λ



Conclusions

▶ Retrace(λ)
▶ is low-variance, safe and efficient
▶ outperforms one-step Q-learning and existing multi-step

variants on Atari 2600
▶ (is already applied to A3C in another paper [Wang et al.

2016])

▶ Watkins’s Q(λ) now has a convergence guarantee



Future work

▶ Estimate µ if it is unknown

▶ Relaxing the Markov assumption in the control case to
allow cs > 1:

cs = λmin(
1

c1 · · · cs−1
,
π(as |xs)
µ(as |xs)

)



Theorem 1

▶ π and µ are stationary

▶ cs can be non-Markovian



Theorem 2

▶ π is not stationary

▶ cs must be Markovian



Theorem 3

▶ Convergence of sample-based online algorithm

▶ As a corollary, Watkins’s Q(λ) converges to Q∗

▶ Only cs is different
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